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Abstract 

2T-gravity in + 2 dimensions predicts IT General Relativity (GR) in d dimensions, aug- 
mented with a local scale symmetry known as the Weyl symmetry in IT field theory. The 
emerging GR comes with a number of constraints, particularly on scalar fields and their inter- 
actions in IT field theory. These constraints, detailed in this paper, are footprints of 2T-gravity 
and could be a basis for testing 2T-physics. Some of the conceptually interesting consequences of 
the "accidental" Weyl symmetry include that the gravitational constant emerges from vacuum 
values of the dilaton and other Higgs-type scalars and that it changes after every cosmic phase 
transition (infiation, grand unification, electroweak phase transition, etc.). We show that this 
consequential Weyl symmetry in d dimensions originates from coordinate reparametrization, not 
from scale transformations, in the d + 2 spacetime of 2T-gravity. To recognize this structure we 
develop in detail the geometrical structures, curvatures, symmetries, etc. of the d + 2 spacetime 
which is restricted by a homothety condition derived from the action of 2T-gravity. Observers 
that live in d dimensions perceive GR and all degrees of freedom as shadows of their counter- 
parts in (i + 2 dimensions. Kaluza-Klein (KK) type modes are removed by gauge symmetries 
and constraints that follow from the 2T-gravity action. However some analogs to KK modes, 
which we call "prolongations" of the shadows into the higher dimensions, remain but they are 
completely determined, up to gauge freedom, by the shadows in d dimensions. 



^ This work was partially supported by the US Department of Energy under grant number DE-FG03-84ER40168. 
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I. INTRODUCTION 



Two-Time Gravity [1] in d + 2 dimensions has successfully reproduced the usual one time 
General Relativity as a shadow in (rf — 1) + 1 dimensions. Taken together with similar recent 
results for the Standard Model [2f] and J\f = 1,2,4 supersymmetric 2T field theory these 
2T theories correctly describe 3 + 1 dimensional Nature directly in 4 + 2 dimensions. The 
phenomenologically successful theories now have counterparts in 4 + 2 dimensions, thus providing 
a new perspective on the significance of space and time and lending a new outlook on unification 
of IT-physics theories. 

Briefly, the relation between the 4 + 2 and 3 + 1 theory is as follows. After gauge fixing and 
solving some kinematic equations of motion, the 4+2 field theory yields various "shadows" in 3+1 
dimensions. The "conformal shadow" of the 4 + 2 theories coincide with the standard familiar 
theories, except for some additional new constraints. These new constraints on IT field theory - 
in particular on scalar fields and their interactions - are consistent with everything we know so far. 
Potentially there are measurable phenomenological consequences of these new restrictions within 
the conformal shadow that could distinguish 2T-physics from other approaches, as explained at 
the end of section (JIT!) • 

In addition, a main novelty in 2T-physics is that this formalism produces many IT-physics 
shadows from the same parent theory. The conformal shadow mentioned in the previous para- 
graph is only one of many. The other shadows provide IT field theories that are dual to the 
familiar ones and these may be turned into computational tools for extracting non-perturbative 
physics. The shadows give different perspectives of the 4 + 2 theory as viewed by observers that 
are stuck in 3 + 1 dimensions. The different embedding of 3 + 1 dimensions into 4 + 2 dimensions 
contain moduli that appear in 3 + 1 dimensions as parameters of the IT shadow theory, such 
as mass, curvature or interaction with backgrounds, which offer different glimpses of the higher 
dimensions. Dualities transform shadows with different 3 + 1 geometries or different values of the 
parameters. The shadows and dualities are most easily understood in the worldline formulation 
of 2T-physics^. While the investigation of dualities in the IT field theory formalism are ongoing 
jsl, some of the simpler cases have been reported in [gJ for scalar fields and in f}\ for Dirac and 
Yang-Mills fields. 

Through the dualities, and through hidden symmetries related to the higher spacetime, the 
parent theory in c? + 2 dimensions provides a new kind of unification of various IT-physics field 
theories. 

In this paper we will concentrate exclusively on the conformal shadow of 2T gravity in + 2 
dimensions in order to clarify further its geometrical and symmetry properties. Specifically, we 
will investigate not only the shadow in (d — 1) + 1 dimensions but also its prolongation into d + 2 



^ For examples of (d — 1) + 1 shadows that emerge from flat d + 2 spacetime, see tables I, II, III in 
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dimensions. By this we mean that there are Riemann curvature components R%pq and other 
geometrical fields that are non- vanishing not only in the shadow in (d — 1) + 1 dimensions but also 
in (i + 2 dimensions. We will show that all such non- vanishing components of the prolongation of 
the shadow are actually fully determined, up to gauge freedom, by the fields within the shadow 
in [d — 1) + 1 dimensions. 

Concentrating only on the shadow with an effective action principle in (d — 1) + 1 is self 
consistent as shown in However, the extension of the shadow into the higher spacetime is 
likely to be important for discussing the dualities among shadows as well as for grasping the 
higher d + 2 dimensional properties of the underlying theory. 



br gravity in (c? — 1) + 1 is that General 
^- 11|, along with a dilaton that com- 



Another important property of the conformal shadow 
Relativity comes with a local rescaling Weyl symmetry 
pensates for the local rescaling of the metric. This is one of the important restrictions imposed on 
IT-physics by 2T-physics, as reported in The physical effect of this is that the gravitational 
constant is not a parameter but emerges in IT-physics from the vacuum value of the dilaton^. 

A further property associated with the Weyl symmetry is that every scalar field in IT-physics 
beyond the dilaton (such as infiaton, Higgs, etc.) must be a conformal scalar that has a special 
fixed dimensionless coupling to the curvature scalar R. The physical effect of this is that the 
gravitational constant changes as a function of cosmic time after every phase transition in the 
universe (inflation, grand uniflcation, etc.). In this paper we will clarify the origin of this impor- 
tant accidental local scale symmetry in the conformal shadow. It will be shown that it emerges 
as a remnant from symmetry under coordinate transformation (not scale transformations) of the 
higher dimensional 2T-Gravity. 



In section ([TT]) we will briefly review the basic setup of 2T-Gravity, display its reduction 
to ordinary IT General Relativity augmented with the local Weyl symmetry, and explain the 
physically signiflcant constraints that this structure puts on IT fleld theory coupled to gravity. 
The rest of the paper develops the technical aspects of the geometry and symmetries to explain 
in detail how the reduced IT theory of section (JIT!) is recovered from 2T-gravity. In section (IIIII) 
we discuss the kinematics of 2T curved spacetime in d + 2 dimensions. This involves solving 
the kinematical equations of motion that follow from the 2T-gravity action and working out 
the general consequences that the geometry of the 2T spacetime is restricted by a homothety 
condition on the metric. In section ( IIVI) the dynamical and kinematical equations are discussed 
and their relation to an Sp(2, R) gauge symmetry of an underlying worldline particle theory is 
explained. In section (jV]) we show how spacetime in (rf — 1) + 1 dimensions is embedded in 
spacetime in {d + 2) dimensions by making gauge choices and solving the kinematic equations. 
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The massless Goldstone boson that emerges from the spontaneous breaking of scale symmetry [3|-[19|, i.e. the 



fluctuation of the dilaton around its vacuum value, is eliminated by a Weyl gauge choice in our theory, so it 



does not generate any long range forces that could compete with the long range effects of gravity 2C | . 
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This leads to an explanation of the origin of the local scaling symmetry in General Relativity in 
{d — 1) + 1 dimensions known as the Weyl symmetry. It will be shown that it originates from 
general coordinate transformations, not from local rescalings, in d + 2 dimensions. In section fIVIl) 
we calculate the components of the Riemann tensors and of the S0{d,2) "Lorentz" curvature 
in tangent space, that describe the geometry of the prolongation of the conformal shadow into 
the higher dimensions. In section (IVIII) we discuss in more detail the emerging IT dynamical 
equations of motion of both the shadow fields in d dimensions and their prolongations to higher 
dimensions and show that, up to gauge freedom, the prolongations are completely determined 
by the shadow fields in d dimensions. This leads to one of our main conclusions, that the shadow 
fields themselves are determined self consistently by the action only within the shadow in d 
dimensions, independently of the prolongations, which was one of the goals in our investigation. 



II. CONSTRAINTS IN IT FIELD THEORY INDUCED BY 2T-GRAVITY 

In this section we briefly review 2T-gravity to explain the constraints that it induces in IT field 
theory, particularly involving scalar fields. We will see that the gravitational constant emerges 
from the vacuum values of the scalars and that it appears in several places in the action of IT 
field theory. The structure of scalars that emerges in IT field theory, shown in Eg. (12. 151) and 
related discussion, is consistent with current observations but this structure could be one of the 
future tests for the predictions of 2T-Physics. 

2T-Gravity, without any matter, includes three fields which we call the gravity triplet: the 
metric Gmni the dilaton VL and another scalar field W, all 'm d + 2 dimensions X^'^ . The action 
for pure 2T gravity is |l| 

^ - V {w) [n^ (4 - vW) + dw ■ dQ^] j ■ ^^-^^ 

Here R (G) is the Riemann curvature scalar, a is the special constant 

(2.2) 



8(rf- 1)' 

while the potential V can only have the form V (Q) = XQ'^^ with a dimensionless coupling A. 
The overall constant 7 can be absorbed away by rescaling the fields, but is used for convenience 
to normalize the IT shadow action that emerges in two lower dimensions. The action with 
this structure of kinetic terms, value of a and form of V is unique under certain local gauge 
symmetries discussed in 

The unusual features of this action as a field theory include the delta function 6 {W) and its 
derivative 6' (W) . All fields are varied freely to derive equations of motion or to verify symmetries. 
The variations contain terms proportional to S (W) , S' (W) , 6" (W) where more derivatives on 
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S (W) or S' (W) emerge from integration by parts and the chain rule dpfS (W) = 5' {W) OmW, 
etc. The coefficients of 5 {W) , 5' {W) , 5" {W) for each general variation 6G^^^, 6Q, 6W give three 
equations of motion for each field. We will discuss some of the equations motion later. There are 
remarkable consistencies between these equations all due to the noteworthy symmetries of this 
action. This symmetry in field theory captures the essentials of an underlying Sp(2, R) symmetry 
(see section ( lIVl) ) that makes position and momentum (r) , Pm (t) indistinguishable at every 
instant r at the level of a worldline formulation of a particle in the presence of gravity fl|. 

Part of the gauge symmetry can be used to fix W (X) to any function of X^^ that can vanish 
in some region of spacetime X^ . To understand the role of W the reader is reminded that, in 
2T field theory in flat space, W is replaced by a fixed function W fiat=X^^ X^ timn where r]MN is 
the SO((i, 2) invariant fiat metric. When 2T field theory in fiat d + 2 dimensions is reduced to 
shadows in (rf — 1) + 1 dimensions, then, in the conformal shadow, the SO((i, 2) symmetry of W 
becomes the conformal symmetry of IT field theory in Minkowski space^. 

The symmetries of the action (12. ip do not allow a gravitational constant in c? + 2 dimensions, 
however Newton's constant emerges in the shadow in d dimensions from the vacuum value of the 
dilaton (VL) when the equations of motion are used to reduce this theory to the conformal shadow. 
The conformal shadow action derived from (12.11) in [l|) (see section flVII|) for justification) has 
the familiar form of a conformal scalar 

^L.o. = / d'x^g (^Ya^"'d,<t>d.ct> + R<f-V (0)) , (2.3) 

where g^j^^ (x) is the metric in d dimensions, R (g) is its Riemann curvature scalar and a has 
the special value in Eq. (12.21) . The relation of gf^i, (x) to Gmn (X) and of (x) to Q (X) will be 
displayed below. Suffice it for now to say that {g^u, <P) are the shadows of the higher dimensional 
fields as seen by observers living in d dimensions. There are no Kaluza-Klein (KK) type physical 
degrees of freedom, as those are removed by the gauge symmetries of 2T-physics. But there 
are some analogs to KK modes, which we call "prolongations" of the shadow into the higher 
dimensions, determined by the shadow fields {g^u, 0) as will be discussed later in this paper. 

In the conformal shadow in Eq. (l2.3p there is an accidental Weyl symmetry that plays mul- 
tiple important roles. Due to the special value of a, Eq. (12.31) is the well known action of a 
conformal scalar that has a Weyl symmetry S^^^^^ {g', 0') = S^j^^^^^ {g, 0) under local rescalings 
01 d'^ii/i^) — (x), 0' (x) = e~^'^^'^V (3^) with an arbitrary A (x) . The original action 

in c? + 2 dimensions (12.10 does not have a Weyl symmetry, so the symmetry in the conformal 
shadow appears to be "accidental". Later in this paper it will be explained how this symmetry 
originates in the coordinate transformations (not in scale transformations) in higher dimensions. 
Using this local symmetry, (x) can be gauge fixed to a constant 0o, so that the action (12.31) 



In other IT shadowP this SO{d, 2) of the flat 2T theory is stiU a symmetry that is usuaUy hidden and often 
not noticed in IT-physics before discovering it through a shadow of 2T-physics. 
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becomes precisely pure General Relativity in d dimensions 



qO, fixed 
shadow 



(fx. 



Rig) K 



^4 



^4 



with 



1 

2^ 



4 

I d-2 



(2.4) 



Note that according to the sign of the kinetic term in Eg. (12.31) . the field </> (x) has negative 
norm, but this sign is required in order to obtain a positive gavitational constant while being 
consistent with the Weyl symmetry. Of course, by having the Weyl symmetry, the negative norm 
ghost, which is also a Goldstone boson of scale transformations, is removed from the physical 
spectrum. This nice feature is a consequence of the symmetries of the higher dimensional 2T- 
gravity theory. 

When matter is included the Weyl gauge can be chosen in various other ways (see below), 
and then one finds more physical effects of the dilaton beyond its footprints in the form of the 
gravitational constant in d dimensions (2/€^) ^ and an undetermined cosmological constant 
(A has any sign or magnitude). 

We now outline the coupling of the gravity triplet (W, Q, G^^) to matter fields of the type 
Klein-Gordon Si (X), Dirac ^ (X) and Yang-Mills Am (X) In flat 2T field theory these fields 
must have the following engineering dimensions 0] 



dim (X*^) = 1, dim [Si 



d-2 



dim (\I^) 



d 



, dim {A 



M 



-1 



(2.5) 



2 ' ' 2' 

The general 2T field theory of these fields in fiat space in d + 2 dimensions was given in [2[]. 
The matter part of the theory in curved space follows from the fiat theory in j3] by making the 
substitutions indicated in Table- 1 hjl 



Quantity 



Flat 



Curved 



metric 

volume element 
explicit X 

gamma matrix, vielbein 
spin connection 
Yang-Mills 
Yukawa 

real scalar fields Si, Q 
extra — for dilaton 

a 

6' (W) term, scalars only 



[d^+^X] 6 (X2) 

XM 

7m 

specialize rj'^^'^ 
specialize X^'^jm 
complex 



qMN 

(d^'+^X) VGSiWiX)) 
V^' (X) = ^G'^'^'dNW 
Ell {X) la 

E'^'lc [Sm + \lab < (X)) VI/ 

Tr {-\FmnFkl) G'^^G^^ 



2(d-4) . 



flat 



X2 



^iSl^ - aY.iS\)R[G) - V iSl^S,) 

(^'-«E,^f)(4-vW) 



Table-1. Matter Si, ^ , Am in interaction with the gravity triplet {W, fi, G*^^) 



2(d-4) 



The dilaton f2 couples to Yang-Mills fields with factor f2 ^-2 and Yukawa terms with factor 
Vt as in Table-1. This coupling of Vt is dictated by the symmetries of the theory consistently 
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with the dimensions in Eq. fl2.5p . When d + 2 = 6, these factors become 1, so this couphng of the 
dilaton disappears for this special case. An important property of V {Q, Si) related again to the 
dimensions (12.51) and symmetries, is that it must have the homogeneity property^ 

v{m,tSi) = t^v{n,Si). (2.6) 

A general function with this property may be written in the form V (Vl, Si) = r2~/(S'j/r2) , 
where / ((jj) is an arbitrary function of the scale invariant variables cTj = Si/Q. 

We emphasize an important property of the scalars Si (including the Higgs field in the Stan- 
dard Model). The symmetries require that, except for an overall normalization for each scalar, 
the quadratic part of the Lagrangian for any scalar Si (X) must have exactly the same structure 
as the one for the dilaton field fl in the pure gravity action Eq. (l2.ip . This structure is included 
for scalars fl,Si in Table-1, where the sign and structure of the curvature term relative to the 
kinetic term is fixed by the constant a. Furthermore, the symmetry requires also a 6' (W) term 
for the quadratic term in the scalars Q, Si as shown in the table^. 

The overall sign and magnitude of the normalization for the kinetic term (^) of a real scalar 
^G^^ dMSidjqSi is fixed by the requirements of unitarity (no negative norms) and conventional 
definition of norm. For the dilaton the norm differs by an overall the magnitude can be 
changed by rescaling the field VL so it is not significant, but the sign is significant (negative norm) 
and is needed to produce a positive Newton constant from the vacuum values of the scalars in the 
shadow IT theory as explained above. This negative norm ghost is harmless since it is removable 
in the shadow by using the leftover Weyl symmetry arising from coordinate transformations. 

The form of the shadow action with only scalar matter fields was derived in [1] (see section 
(IVIip for justification). It has the form of conformal scalars coupled to gravity 



Sshadow [g, (P, -sj = / d xJ—q \ , r, r X ■ (2.7) 

^ ^ J ^ + (02 _ ^^2) ^ _ y j V ; 

where a sum over i is implied. The equations of motion that follow from this action include 

Ri^y id) - ]j^g^luR {g) = t^u (0, Si) , (2.8) 

with the energy momentum tensor T^j, given by 

{-j^d^(j)d„(f) + ^d^Sid^Si) - (s-^^V^ - V^9^ 

{^^^ ■ ~ l^^i -dsi-V (0, s,)) 



T, 



(02 - asf) 



2 - asl) 



(2.9) 



^ Then V {fl, Si) has dimension — rf under the scahng of scalars {fl, Si) ^ e 2 ^ [fl^Si), that is y e '^■'^V. 

^ In flat space the S' (X^) term can be rewritten as a 5 (X^) term that modifies the naive kinetic term. As 
indicated in the Table, for 2T field theory in fiat spacetime the function W is replaced by Wfiat — X^. Then 
it can be verified that for each scalar fi, Si the kinetic terms {j^d^ ■ — ^dSi ■ dSi) that are multiplied with 
S (X^) combine with the S' {X"^) terms in Table-1 to become simply S (X^) {^^fld'^Q — ^Sid'^Si) after dropping 
a total derivative, thus avoiding any 6' {X'^) terms, as in the general 2T-field theory in flat space 
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The relation of the shadow {g^u, 0, Si) to {Gmn, Si) and their prolongations will be given below. 
If there are N real scalars Sj in addition to the dilaton (p, then the kinetic and curvature terms have 
an automatic global symmetry SO(A^, 1) , with a SO(A^, 1) diagonal metric (— 1/a, 1, 1, ■ ■ ■ , 1) as 
seen in the expression (0^ — asf ) R and the kinetic term. This symmetry could be explicitly 
broken by the potential V (0, Si) which is arbitrary except for the homogeneity condition in 
Eq.(^\ The vacuum is determined by the properties of V (</>, Sj) and therefore the gravitational 
constant and the cosmological constants are now functions of the vacuum values of all the scalars 

A = (0'-«^.'), P^ = VmAs^)), (2.10) 

generalizing Eg. (12.41) . These gravitational and cosmological "constants" {Kd,Ad) induced by the 
various fundamental scalars {Q, Si) are not really constants since they must change after every 
cosmic phase transition of the Universe as a whole (inflation, grand unification, electroweak phase 
transition, etc.) as the various vacuum expectations values (0), (sj) turn on at critical values of 



cosmic temperature or cosmic time. The cosmological implications of this are under study 21 1. 

An important fact again is the presence of the accidental Weyl symmetry in the action fl2.7p 
Sshadow {g', 0', s'j) = Sshadow {g , 0, Sj) , Under local rescalings with an arbitrary local gauge param 
eter A (x) 



V = ^'^9^.u, 0' = e-^"0, s[ = e-^"0. (2.11) 

This symmetry persists in the shadow action with additional matter fields when the fermions and 
gauge fields are included in the 2T action according to Table-1. The Weyl symmetry can be used 
to remove the dilatonic Goldstone boson (now a mixture of many fields 0, Sj). The remaining 
physical scalar fields, after the phase transitions that produce the gravitational constant (2/?^) ^, 
can be neatly described by fixing the Weyl gauge so that the dilaton gets determined by the 
other scalars as follows 



1 



1/2 



^ (x) = ± i^asf (x) + . (2.12) 

This gauge choice reduces the curvature term in Eg. (12.71) to simply R{g) / (2k^) , thus conve- 
niently describing gravity after the phase transition in the Einstein frame. However, while this 
gauge choice is convenient to describe gravity in the traditional setting, the gravitational con- 
stant enters in a few other places in the action as described below. In particular, the kinetic 
term of the scalars in the shadow action (12.71) turns into a nonlinear sigma model for the group 
SO(A^, 1) (see Eg. (12. 151) ). The scale of the non-linearity in the sigma model is determined by the 
gravitational constant (2/t^) ^ as in Eg. (12. 121) . 

Taking advantage of the homogeneity of the potential, and using t = {(f? — asj) ^^'^ in Eg. (12.61) 



^ Of course, in a complete model of fundamental interactions, various Yang-Mills gauge symmetries also put 
constraints on the structure of the potential V (f2, Si) in addition to the homogeneity condition (|2.6p . 
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V can be written in the form 

V (0, s.) = - as',) ^ X V I Jl ) ^ V (a,) . (2.13) 

d 

In the Weyl gauge fl2.12p . after replacing the overall coefficient by the constant (0 — asj)'^-'^ = 
(2fi;^) '^-'^ , and absorbing it into the definition of v (a-i) , we see that the leftover v (cij) is an 
arbitrary function of the N variables cxj = Si/0 that are invariants under the local scale trans- 
formations of Eq.f l2.11| ). Of course at this fixed gauge there are now some scales in the theory, 
namely the gravitational scale and the other scales {si/cj)) = (ai) generated by phase transi- 
tions that follow from the properties of v (cTj). 

The kinetic term of the scalars in the non-linear sigma model can also be written in terms of 
the (Tj or the Sj. For example, if we parametrize the fields as Si = sni where rii (x) is a unit 
vector '^^UiUi = 1 and s (x) is the magnitude of the SO(A^) vector Sj (x), then we can write 

sf = so that in Eg. (12. 121) becomes a function of a single field s (x) 

ct> = ±{2K'^'"'^l + 2aKy (2.14) 

Replacing these forms in the action (12.71) we obtain an ordinary looking General Relativity (after 
the phase transitions) coupled to an arbitrarj^ potential v (s, ra,) with a non-ordinary kinetic 
energy term for scalars where the gravity scale appears non-trivially 

The last term ^^dui ■ dui, with n ■ n = 1, is a non-linear SO(A^) sigma model, while taken 
together as a whole the scalar kinetic terms form a non-linear SO(A^, 1) sigma model coupled to 
gravity. The scale of non-linearity of the SO(A^, 1) sigma model is also determined uniquely by 
the gravity scale Kd and the constant a given in Eq. (l2.2p . That the gravitational constant (2/?^) ^ 
should appear in this way in IT field theory, in addition to the traditional term R (g) /2k^, is a 
prediction of the symmetries of 2T-gravity. 

Additional places in IT field theory action where (2/t^)~^ appears as a consequence of 2T- 

2(d-4) 

gravity include the dilaton factor ^-2 for Yang-Mills kinetic terms, and the dilaton factor 
for Yukawa terms, which come from the similar terms in 2T field theory as shown in 
Table-1. In these expressions = ± (2k^) a/1 + 2aK^s'^ as above. Evidently when d = 4 
these factors disappear, but they could play a physical role in a theory with d less than or larger 
than 4, thus providing additional signals of 2T-physics. 

The (Tj or Sj can also be parametrized in other convenient ways to take advantage of both 
the SO(A^, 1) symmetry of the kinetic term and of possible other symmetric^ of the potential 
term V {Q, Si) . Presumably the symmetries of the potential, indeed of the full theory, include 
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at the very least the SU(3) xSU(2) xU(l) symmetry of the Standard Model, which is possibly 
embedded in a larger grand unified symmetry group. In this context is the total number of all 
the real scalars in the theory besides the dilaton. In the physical applications of these concepts 
in a complete theory, one would be advised to take advantage of the fiavor/color or grand unified 
symmetry structures in choosing the most convenient parametrization of the SO(A^, 1) sigma 
model. 

We see that, in addition to the possibility of a changing gravitational constant after each phase 
transition, some general constraints have emerged from 2T-Gravity on the structure of scalars in 
IT field theory. The constraints described in the above paragraphs, permeate to the shadow IT 
field theory in d dimensions, and show up in the couplings among scalars in the kinetic terms, 

2(d-4) d-4 

potential energy v (s, Ui) , and gauge bosons and fermions through the factors <*-2 and <*-2 
respectively, thus leaving footprints that observers in the conformal shadow in d dimensions can 
use to infer properties of the underlying 2T theory. These properties of scalars, including the 



infiaton and the Higgs, are currently under investigation in cosmological and LHC contexts 2l[ |. 



Additional and deeper observable properties of the 2T theory can be obtained by studying the 
other shadows related to the conformal shadow by duality transformations as in the examples in 
""J and their generalizations that are still under investigation 



III. KINEMATICS OF 2T CURVED SPACE IN d + 2 DIMENSIONS 

The equations of motion that follow from the 2T-gravity action in Eq. fl2.ip and Table-1 can 
be divided into two categories: dynamical equations and kinematical equations. The dynamical 
equations are those proportional to the delta function 6 (W) - these provide the dynamics includ- 
ing the field interactions in d + 2 dimensions. The kinematical equations are those proportional 
to the derivatives of the delta function S' (W) and 6" (W). We recall that such derivatives emerge 
from integration by parts in computing the variation of the action. 

A remarkable property of the kinematical equations that will be emphasized below is that 
they are universal and have a geometrical character. They can be shown to be independent of 
interactions and they are the same for each field independent of which other fields are included 
in the action. Although these properties may not be immediately apparent when the kinematic 
equations are derived from the action, it follows after some rewriting of the equations as seen 
below. There is an important underlying symmetry for this result, namely Sp(2,i?) , which will 
be discussed in section ( 11 VI) . The kinematical equations provide the instructions for how to relate 
the fields in {d + 2) dimensions to the shadows in d dimensions, so their solutions reduce the 
original 2T theory to various shadows in d dimensions, such as the conformal shadow in Eq. fl2.4p . 

Both the kinematic and dynamical equations for 2T-Gravity were derived from the action in 
In this section we deal mainly with the kinematics. For the pure gravity triplet {Gmn, W) 



11 



the kinematic equations have the following form 

G^'^OmWOnW = AW, (3.1) 
G^^^dMWdNQ = AaQ (6 - V^W) , (3.2) 
VmOnW = Gmn [-6 + + 8a (6 - V^W)] . (3.3) 

where V is the covariant derivative in the curved space with metric Gmn- After contracting the 
third equation with G^'^^ and taking account of V^W = G^'^'^V MdNW, one can solve for V^W 
and find 

where the special value of a in Eq. fl2.2p is used. Note that the result is independent of the 
metric, and in particular it is true in fiat space for Wfiat = X"^ as listed in Table-1, namely 
(VW);,,, = V^'^dudN (X2) = 29mX*^ = 2{d + 2). 

With this result, the kinematic equations for the gravity triplet fl3.m3.3p simplify to 

W = V-V, V-dn = -^^n, Gmn = VmVn, (3.5) 

where the dot products are constructed with G^'^^ and the vector Vm or V"*^ is defined as the 
derivative of W (X) 

Vm = \dMW, V'' = ]^G^'''dNW. (3.6) 

For this form of Vm the expression for Gmn = ^^mOnW = ^OmQnW — ^T^j^dxW is symmetric 
Gmn = Va/Vtv = VatVa/ since the Christoffel symbol j^] 

^MN = -G^^ {dMGNQ + QnGmq — QqGmn) (3.7) 
is symmetric. In particular, in fiat space all the kinematic equations above are satisfied by 

Wfiat = X'^, V^'"* = Xm, G-j^j"'^ = r]MN, {^mn) flat = ^ (^-S) 

as listed in Table-1. 

The form of the metric in ( 13. 5p that emerged from the 2T gravity action satisfies a special 
geometric property. By using the definition of the Lie derivative £y for the vector V, which on 
a tensor is given by £vGmn = V^/V/v + VnVm, we can recognize that the form Gmn given in 
fl3.5f3.6l) is equivalent to writing the following homothety equations for the metric and its inverse 

o o/^ I? r^MN nr^MN /o n^ 

i-yKjMN — '^^MNi ot-yt-T — — ^(_t . \y-^) 

The Lie derivative amounts to a general coordinate transformation of the metric using the vector 
Vm [X^ as the parameter of transformation, therefore we can say that under such a transformation 
the metric yields a factor of 2 

'^Gmn = £vGmn = Vm^at + VatVm (3.10) 
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The equivalence of the homothety conditions above to the kinematic equations of motion fl3.5l) 
that emerged from the action is shown by inserting the Christoffel symbol fl3.7p into V mVn = 
Vk. 

After coupling the gravity triplet to any matter as in Table-1, the kinematic equations initially 
derived from the action appear to have couplings between the gravity triplet {Gmn,^,W) and 
matter fields However, after using the kinematic equations for matter as well, one finds that 
they simplify to the form above fl3.5f3.6p regardless of the type of matter they couple to [l|. 
Furthermore, the kinematic equations for matter fields {Si, \E', Am) also simplify to the following 
form [l| 

V-DS, = -^^S,, V-D^ = -^^, \/A^Fm7v = 0, (3.11) 

where Fmn = SmAn — dN^M — ig[AM,AN-] is the Yang-Mills field strength, and Dm is the 
Yang-Mills covariant derivative. These equations can also be rewritten as the response to the 
Lie derivative £v applied on the corresponding fields of various spins. 

It is now evident that all kinematic equations (13.5113. lip derived from the action (12. ip have 
a geometrical meaning and they are the same for each field irrespective of the interactions and 
irrespective of which other fields are included in the action. This is why we call these "kinematic" 
equations. The deeper significance of this structure is an underlying Sp(2, R) symmetry explained 
in section ( lIVl) . 



A. Kinematics of the metric, vielbein and Dirac gamma matrices 

The kinematic equations described above required the peculiar homothety condition (13. 9p that 
the metric must satisfy £vGmn = '2'Gmn, which in turn requires that the metric must also be 
constructed from the potential W (X) 

Gmn = ^mVn, with Vn = ^OnW and W = V ■ V (3.12) 

This is a nonlinear equation since r£f^ is constructed from the metric as in (13. 7p . These equations 
are solved by choosing gauges and convenient coordinates. Then the solution is expressed in terms 
of the shadow field g^iy (x) in two lower dimensions, and its prolongations, all of which remain 
arbitrary as far as the homothety condition (I3.12p is concerned, as will be discussed below. In 
this section we develop properties of the curved space described by a metric that satisfies (13.120 
without choosing any gauges. 

Before imposing the homothety condition (13.120 . we recall the well known usual formulation 
of curved space, with any signature in any number of dimensions. We define a base space and 
a tangent space. The vielbein that connects the two spaces Em (X) is labelled by an index M 
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in base space and an index a in tangent space. The metric in flat tangent space is the SO((i, 2) 
invariant flat metric rjab while the curved space metric Gmn {X) is constructed from the vielbein 
as a SO((i, 2) invariant 

Gmn {X) = E,^ (X) (X) r^ab. (3.13) 

We introduce the usual affine connection F^^^ (X) of Eq.f l3.7p which is symmetric in base space 
'^MN = '^NMi the SO((i, 2) Yang-Mills field known as the "spin connection" uj^^ (X) which 
is antisymmetric in tangent space lo^ = —lo^. We will use the following notation for various 
covariant derivatives 

Va/ = du - Fa/ ; Dm = du + ; Dm = Om -Tm + i^m ■ (3.14) 

The first one Vm is covariant when applied on a field with only base space indices, the second 
one Dm is covariant when applied on a field with only tangent space indices and the third one 
Dm is covariant when applied on a field with both base and tangent space indices. In many 
expressions we will write Dm and let it be understood that sometimes Tm or um would drop out 
automatically depending on the field. However, when it becomes useful we will specialize Dm to 
Va? or Dm or even Dm- 

Using these definitions, the covariant derivative of Em that is gauge invariant under general 
coordinate transformations as well as under the tangent space local S0{d,2) transformations is 

DmEj^ = OmE^ — Tmn^p + ^A^-^ATfe • (3.15) 

A symmetric connection = F^^^ demands vanishing torsion 

^MN = DmEj^ — DnEm = d[MEj^-^ + uj^MEN]b = D[mE^-^ = 0. (3.16) 

where F^^^ dropped out due to antisymmetrization. T^j^ = is an equation from which the 
spin connection Um^ is solved as a function of Em as 

, ,ab TpNa rpPb I \ 

^M — ^ ^ [^MNP — ^NPM — ^PMN) 5 ^2 

Cmnp = ~\Emc {d^Ep — dpE%) . 

Furthermore, the two connections F^^^ and ojj^^ are related to each other by requiring that the 
covariant derivative of E'^j in Eq. (13.151) vanishes 

DmEj,^ = ^ uj,f = ^E (WmE'jI^ . (3.18) 

Eq. fl3.18l) insures that the covariant derivative of the metric vanishes DpGmn = ^pGmn = 0, 
and since um drops out it can be written as 

^pGmn = dpGMN — ^pmGqn — ^ pn^Gmq = 0. (3.19) 

Then one can show that the Tmn which solves both equations (13. 18113. 19p is nothing but the 
usual Christoffel connection constructed from the metric Gmn given in Eq. (l3.7p . 
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The curvature tensor is constructed just as in Yang-Mills theory from the spin connection 
10 which is nothing but the Yang- Mills gauge field for the SO((i, 2) local symmetry in tangent 
space 

^MN = dhl^N^ - Qn^M + ^kt^Nk ^ ~ ^N^^Mk ^- (3.20) 

This Yang-Mills field strength coincides with the standard curvature tensor Rqmn constructed 
from the affine connection 

Rqmn = ^M^^Q — Qn^^^q + rf/5.r^Q — r^5.rf^Q (3.21) 

after converting the base indices to tangent indices 

p aft tdP Tpa rpQb fo oo\ 

^MN ~ ^QMN-'^P-'^ ■ \O.Z,Z,) 

As is well known, the curvature with all lower indices GpkRqmn = Rpqmn is antisymmetric 
in M ^ and separately under P ^ Q, but is symmetric under the interchange of the pairs 
MN <-i> PQ, and satisfies the cyclic identity 



RmNPQ — —RnMPQ — —RmNQP — RpQMN, 
Rdmm "I" Rh/rivn "I" Rndm — 0- 



(3.23) 

QMN -' ^-MAfQ -' ^NQM ~ ' ' 



We now turn to the special kinematics of 2T-physics. The specialty in 2T-physics is that the 
metric is constructed from the covariant derivative of the vector Vm as in Eg. (13. 121) . Applying the 
standard formalism above, and imposing the homothety condition (I3.12p . we obtain the following 
seven lemmas that describe certain general properties of this special gravitational system that 
are useful in our work: 

1. The vielbein Ej^[ is constructed from a vector V"" in tangent space 

= DmV = OmV' + utiV,. (3.24) 

where W = VVa and 

= VmE^"' = 1 (OmW) or Vm = El,V, = ^ {OmW) . (3.25) 

This is shown by reconstructing the metric and using the following series of steps to prove 
that it agrees with Eq. (l3.12l) as follows 

r = E^, (X) Ej^ (X) r],, = DmV-E^ (X) r/,, 1 
Gmn iX)=l= Dm [VkE^ (X)) = Dm [Dn (l^^^'r/ai)] > (3.26) 
[ = I'^mOnW = VmVn. \ 

In going from the first to the second line we used DmE^ = of Eg. (13. 181) . the rest of 
the steps are evident. Hence the structure of the vielbein in (I3.24p is equivalent to the 
homothety condition (13.121) on Gmn- 
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2. The vanishing of torsion T^/^ = requires the following kinematic conditions on the 
curvature 

^MN^b = 0, V^RpQMN = 0, RmnpqV^ = 0, R^j^ = 0. (3.27) 
The first form is shown by inserting E^^ = Dj^iV^ in the vanishing torsion = T^"^ = 



Dm, Dn 



= Rf'^^Vb- The second form follows from the first by replacing 
tangent indices by base indices, or directly by writing the vanishing torsion in the form 
'^MN — [Vm, Vat] = V^Rqpjj^ = 0. The third form follows from the second by using 
the identity Rpqmn = Rmnpq- The last form follows from converting the P,Q indices 
to ab indices in the third form. It should be noted that the last form V^R^^^ = is 
the standard kinematic equation required by Sp(2, R) constraints on any Yang-Mills field 
strength for any gauge group V^'^ F^^j^ as given in Eq. fl3.11l) . 

3. The SO((i, 2) Dirac gamma matrices with base space indices 7m = -E-mTq covariantly 
constant ^ 

DmIN = dulN - ^ilNlP + ^^M {lablN - iNlab) = (3.28) 

Here the covariant derivative Dm includes uf'^ because (7m)^b has spinor indices AB in 
tangent space. To show this result, consider first the tangent space gamma matrices 7^, 
which are pure constants that satisfy dM'Ja = 0. For these the covariant derivative also 
gives DM'Ja = because it reduces to the ordinary derivative 

DM7a = DMla = dMla = 0, (3.29) 

because the a;°| contributions for all tangent space indices a, A, B in (70)^^ cancel each 
other. Then the result in Eq. fl3.28p is shown by rewriting DmIn = Dm (Ef^la) = 
DmE%) 7a = which follows from (13181) . 



4. The covariant derivative of the gamma matrix V = V'^'Jn = ^°7a, which appears in the 
Yukawa couplings in Table- 1, gives 'Jm 

DmV = DmV = 7m. (3.30) 

This is shown by writing DmV = {DmV") 7^ = £^M7a = 7m- 

5. The ordinary derivative of V"^ = V°'Va = V^^Vm gives 2Vm 

OmV^ = 2Vm (3.31) 

This is shown by writing OmV^ = DmV^ = 2 {DmV") K = 2^^/^ = 2Va/- Of course, this 
is in agreement with the fact that W = V"^ and the definition Vm = ^OmW. 

6. The various fields Va, Vm, V automatically satisfy the following kinematic equations 

{V^'Dm - 1) K = 0, (F^^Vm - 1) V)v = 0, {V^'Dm -1)V = 0. (3.32) 
These follow from -DmK = Emg, Vm^at = Gmn and DmV = 7m derived above. 
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7. The following kinematic property in d + 2 dimensions is automatically satisfied 



Dm (yG5 [V^) 7*V) = d^/G5 [V^) 



(3.33) 



OmV^ + r^/t;^ can 



To show this, first recall that the divergence of any vector Vmv^^ 
be rewritten as Vm^ *^ = G'^/'^dM{VGv'^'). Applying this to the vector v^^ = S (V^) 7*V, 
gives DMiVCv^^) = \fGDMV^^ where Dm appears. Then use the properties derived in 
the lemmas above as follows 



D 



VG6 [V] 
GDm [6 (V) 7^V] 

G {Dm^ {V^)) 7"V + ^^G6 {V^) [Dmi'') V + ^6 {V^) ^'DmV 

G6' {V) {2Vm) i''V + VG5 {V^) (0) V + VG5 {V^) 7^V 
G6' [V^) 2V^ + ^/G6 [V^) {d + 2) 
dVG6 [V^] 



To get to the last step we have used the property of the delta function V 5' {V 



IV. DYNAMICAL AND KINEMATIC EQUATIONS OF MOTION 



The dynamical equations of motion derived from the action (12. ip . and its generalization from 
Table-1, are those proportional to 6 (W) for the general variation of every field. The dynamical 
equations that follow from varying the metric, dilaton and scalar s are [l| (neglecting fermions 
and gauge bosons) 



: 

where the stress tensor Tmn is 



6n : [V^n - 2am + aOnV (fi, S,,^ 
5Si : [V^S, - 2aRS, - dgV (fi, S,)] 
1 



Rmn (G) — -GmnR {G) — T} 



MN 






w=o 



MN 



fi2 - aS? 



■^dM^disf^ + ^dMSidNSi 

+Gmn ii {dnf - 1 {dS,f - \V (fi, S,)) 

- {GmnV^ - VmOn) i^'' - aSf) 



(4.1) 
(4.2) 

(4.3) 



(4.4) 



and as usual Rmn (G) = Rmpn R{G) = G^^^Rmn- These equations are to be solved at 
W = because of the delta function 6 {W) that multiplies them, but we will at first manipulate 
them for any W. 
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We now simplify these equations as follows. Contracting Eq. fl4.3p with , we can solve for 



-^-G^^^Tmn and get 



[Q^ - aS^) R (G) 



-^dn-dn + ^dSi-dSi 



2{d+l) 



{n^ - aSf) + (Q, Si 



Multiply Eqs. fl4.1|4.2p by {—Q/a) , Si respectively, sum over i and add them, to get 

= 2R (n^ - aS^) - - (nV^n - aSiV^SA - {Qdn + S.ds ) V {Q, S) . 

a 

In this equation we insert the expression in (14. 5 p and use the homogeneity of the potential (12.60 
to write {^Oq + Sids^) V (fi, S) = -r^V (fi, S) , and after some simplifications we obtain 



(4.5) 



(4.6) 



Inserting this back into (14.51) yields 

-j^dQ ■ dQ + IdSi -dS.-V {Q, Si 



R{G) 



- aSf 

Using both Eqs. (l4.7f4.8p . the energy momentum tensor in Eq. (14.40 simplifies to 



-MN 



(fi2 _ aSf) 
Inserting (14.804.91) into (HJ} yields 



^^^m^Qn^ + ^duSidNSi 



SGmn (^^' - aS^) R + VmOn (f^' - aS^ 



Rmn {G) — Smn (^5 Si 



where Smn (^5 Si) is given by 

Smn Si 



-^Sm^Qn^ + \dMSidNSi + VMdN (^^^ 
la 2 ^ 



^SJ) 



(4.7) 



(4.8) 



(4.9) 



(4.10) 



(4.11) 



{n^ - aS^) 

Of course, Tmn and Smn are related by Tmn = Smn — ^GmnG^^Spq. This is as much as we 
can simplify the dynamical equations before choosing gauges and imposing W = 0. 

We also gather the kinematic equations satisfied by these fields and W as discussed in the 



previous section, with Vm = 



W 



V -dn 



V ■ V, Gmn = 
d-2 



■ Va/Vat, RpQMN - 

v-ds,= "^"^ 



0, V^'R 



MN 



Si, v^'s 



MN 



0, 



0. 



(4.12) 
(4.13) 



2 ' 2 

A remarkable property is that the variation of the action with respect to W does not give a new 
equation besides those kinematic or dynamical equations that are obtained from the variation 
of the other fields. This was explained [l| as being due to a local symmetry that allows W {X) 
to be set to any desired function of X*^. Although W is set to zero eventually in the dynamical 
equations (14.1114.30 . its first and second derivatives that are related to Vm and Gmn do not vanish 
(see e.g. the flat case in Eq. (l3.8p ). Exercising the freedom in choosing some W {X) is one of 
the steps that defines the shadow in lower dimensions. The selection that leads to the conformal 
shadow will be described in the next section. 
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A. The underlying Sp(2, R) 



In the previous section we showed that the kinematic equations have a geometrical significance. 
Now we emphasize that both the kinematic and dynamical equations are intimately related to 
the fundamental Sp(2, R) gauge symmetry that is at the root of 2T-physics. The significance of 
the kinematic equations is that they impose part of the gauge invariant physical state conditions 
under Sp(2, R) which is explained as follows. It was shown in [l| that the three generators Qij 
of Sp(2, R) in the presence of gravity are given by the following three functions of phase space 

(x*^PM) 

Qu = W{X), Q,2 = Q21 = V^' (X) Pm, Q22 = G^^^ (X) PmPn- (4.14) 

These Qij form the Sp(2, R) Lie algebra under Poisson brackets provided the fields 
W {X) , V^^ {X) , (7*^^ (X) satisfy the kinematic equations in Eqs. fl3.5f3.6ll3.9l) . The reader can 
check that in fiat space Wfiat = X^, Vff^^ = Xm and GjfJ = r/*^^ satisfy the Sp(2, i?) closure 
property under Poisson brackets. These Qij generate a local gauge symmetry on the worldline 
for a particle interacting with gravity, thus making its position and momentum X*^ (r) , Pm (t) 
indistinguishable at every worldline instance [l|. In the quantum theory of such a particle, its 
physical states must be Sp(2, R) gauge invariant, and hence these Qij must vanish on the first 
quantized wavefunctions. In position space the first quantized wavefunctions are the fields in 
2T field theory. Therefore these fields must satisfy Qij ~ after a proper quantum ordering 
of X, P, and replacing the momentum by a derivative Pm = —idM- The kinematic equations in 
f l3.5f3.6|3.9l) imposed by the action are the precise expressions of the vanishing of the generator 
Q12 = {—iV'^''dM + ---) ~ after appropriate quantum ordering for matter or gravitational 
fields of various spins. The vanishing of Qu = W (X) is imposed through the delta function 
6 (W) and its derivatives, and finally the vanishing of Q22 = {—G^'^dMdN + ■ ■ ■) amounts to 
the dynamical equations of motion*^. Thus we see that all the equations of motion generated 
by the 2T-field theory have the significance of imposing the physical state condition under the 
Sp(2,i?) gauge symmetry, or more precisely, its extension that includes particles with spin as 
well as interactions, as explained in 23] 3]- 

One additional point of clarification about the role of the underlying Sp(2, R) , as refiected 
in the kinematics, is in order. The BRST field theory formulation in 23j is technically a fuller 
approach for imposing Sp(2, R) , but the extra baggage of the BRST formalism, in the form of 
ghosts and redundant gauge degrees of freedom, can be avoided by appreciating a few simple 
aspects related to Sp(2, R) as just outlined in the previous paragraph. A related point is that 
the underlying Sp(2, R) provides the key for the resolution of an ambiguity about the kinematic 



The dots in the expressions of Qij are the corrections due to interactions. This general property is 

explained in refs.ji^ Q [if. These corrections, in the case of gravity, are precisely supplied directly by the action 
in Eq |2.1l and Table-1, so they are determined and written out fully in the kinematic (e.g. 13. lip and dynamical 
equations (e.g. 14. 1114. 3p discused in this paper as well as ref.[l|. 
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equations as derived from the action (12 .11) and Table-1. This ambiguity is avoided through the 
BRST approach, but is more easily resolved directly as follows. The variation of the action 
for each field yields a linear superposition of the delta function and its derivatives of the form 
A5 {W) + B5' {W) + C5" {W) = 0. These imply three equations that are satisfied atW = 0, but 
there is ambiguity in identifying the proper forms of A, B, C that should vanish ai W = 0. This 
is because these distributions satisfy W6" (W) = -26' (W) and W6' (W) = -S (W) . Therefore, 
if we add to B a term that is proportional to W, that term feeds into a term added to A. Similarly 
any terms proportional to W and in C feed into B and A respectively. In the BRST approach 
the ambiguities of adding such terms to i? or C are just gauge degrees of freedom which in any 
case drop out automatically in the physical sector. When the BRST approach is short-circuited 
as explained in this ambiguity is resolved by recognizing that the B = C = kinematic 
equations amount to demanding the closure of the underlying Sp(2, R) Lie algebra, as made 
clear by the Qij in Eq. fl4.14l) for the corresponding worldline particle model This closure 
demands that the equations B = C = must be valid for all W, not only W = 0, so that 
Sp(2, R) is defined and its Lie algebra is satisfied without restrictions on the phase space degrees 
of freedom. This is necessary for it to be a gauge symmetry of the particle model. The upshot 
is that the particle model can be used as a guide to identify the correct forms of B, C and then 
demand B = C = not only at W = but at all W, which means that if B,C are expanded 
in powers of W, the coefficient of each power of W should vanish. This is a shortcut to insure 
self consistency of all the equations of motion, including the dynamical equations, derived from 
the action (i.e. consistency of having first class constraints Qu,Qi2,Q22, which then are set to 
zero). By satisfying Sp(2, R) in this way, the ambiguities in A, B, C are resolved at any W. This 
insures the validity of the underlying Sp(2, R) gauge symmetry, and turn the ambiguities into 
gauge freedom, consistent with the BRST approach Thus, the physical sector that is gauge 
invariant under Sp(2, R) , namely B = C = at any W, and v4|vi/=o = 0, are the consistent field 
equations of motion. 

Accordingly, it should be emphasized that the kinematic equations above f l4.12f4.13l) . which 
are consistent with the particle model [l|, are to be solved at any W, not only at W = 0, while 
the dynamical equations (14.1114.111) need to be satisfied only at = 0. This is the procedure 
followed in the following sections to obtain the conformal shadow and its prolongation. 

The same result is also obtained without using the guidance of the particle model discussed 
in the two previous paragraphs, but only using the gauge symmetry in the equations of motion 
A6 (W) + B6' {W) + C6" (W) = that follow from the 2T field theory action. To explain 
this gauge symmetry we will make a coordinate transformation, X^^ — > [w, u, x^) , such that 
W {X) = w is one of the coordinates, as in the next section. Furthermore, to simplify the 
discussion we will concentrate only on a single scalar field, say the dilaton Vl {w, u, x^) , and 
suppress the coordinates u, since they are irrelevant to the discussion. A similar discussion 
will hold for each field in the theory. 
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We want to show that the action has a gauge symmetry under the gauge transformation 
S\Q = Aq {w, u, x) for off shell arbitrary Q as well as off shell other fields. The variation of the 
action with respect to the field fl takes the form 

SaS = ! dwdud'^x5 An (w) [An (w) S (w) + Bn (w) S' (w) + Cn (w) 5" (w)] (4.15) 



Of course, Aq, Bq, Cq depend on w through Q and other fields as well. Due to the delta functions 
we need to analyze the expansion of each term in powers of w and then do the integral over w. 
Hence we have 

n{w) = no + wni + ^w^n2 + --- (4.16) 

An{w) = Ao + wAi + ^w'^A2 + --- (4.17) 

Bn (w) = Bo + wBi + ^w^B2 + ■■■ (4.18) 

Cniw) = Co + wCi + ^w^C2 + --- (4.19) 

An (w) = Ao + wAi + ^w^A2 + ■■■ (4.20) 

Then the integral gives 

6aS = J dud'^x [Ao {Ao - 5i + C2) + Ai {-B^ + 2Ci) + A2C0] . (4.21) 

It is possible to make 5aS = with a choice of gauge parameters Ao,Ai,A2 that are related 
to each other, when all the fields are off-shell. There are three local parameters but only one 
condition, hence two of the parameters among Aq, Ai, A2 can be chosen arbitrarily such that the 
action is gauge invariant 6aS = off-shell. This 2-parameter gauge symmetry is a remnant of the 
Sp(2, i?) BRST gauge symmetry discussed in [23|. A similar local symmetry is valid separately 
for each field in any 2T- field theory. This was called the 2T-gauge symmetry in 0]. 

Using this gauge symmetry we can choose arbitrarily the prolongations Qi {u, x) and Q2 (w, x) 
in the expansion of Eq. fl4.16p . It is convenient to make the choice of Qi,Q2 such that Bi = C2 
and Ci = 0. These gauge choices hold when all the fields are off-shell. 

Now we investigate the on-shell equations of motion which are obtained from the above pro- 
cedure by taking 5VLq,5VLi,5VL2 arbitrary and independent of each other. So the equations of 
motion for the on-shell ^0,1,2 are 

- 5i + = 0, -Bo + 2Ci = 0, Co = 0. (4.22) 

In the gauge we have chosen they become Aq = 0, Bq = 0, Bi = C2, Cq = 0, Ci = 0. 

Now we investigate what C2 is in more detail. It was shown in [l|| that in the varia- 
tion of the action with respect to every field the term C6" (W) is always of the form C ~ 



21 



(^G^'^^duWdNW — iW) up to a field dependent proportionality factor. In the next section we 
show that in the coordinate system W {X) = w, this expression becomes zero automatically 
by constraining only the G^^ component of the metric G^^^ {X) . Therefore, we automatically 
obtain C2 = 0. 

With this result for G2 = taken into account, we now see that, in our chosen gauge, the 
on-shell dynamics must satisfy 

Ao = 0, Bo = 0, 5i = 0, Co = 0, C, = 0, = 0. (4.23) 

The coefficients of the higher powers of w in the expansion of Aq (w) , Bq (w) , Cq (w) , such as 
An>i, Bn>2 and C„>3 are arbitrary because they never enter in the equations. So they could be 
chosen arbitrarily without any consequence for the dynamics of the fields Qo,Qi,Q2 which do 
appear in the equations. In particular, imposing -B„>2 = and Cn>3 = has no consequences for 
the field components fio; ^i? ^2 since they only restrict fln>3- The latter are pure gauge freedom 
which never appear in the equations or even in the off-shell action. Similar statements apply to 
the other fields. 

This is in agreement with the procedure we discussed above, of solving the equations A6 {W) + 
B5' {W) + C5" {W) = for all the fields by imposing A\w=o while taking B = C = at all W 
consistently with Sp(2, R) . As we have shown, this is the consequence of a gauge choice, consistent 
with the gauge symmetries of the action in Eq. fl2.ip . as well as with the Sp(2, R) gauge symmetry 
properties of the worldline formulation of particle dynamics in the presence of gravity. 

V. GENERAL RELATIVITY AS A SHADOW WITH WEYL SYMMETRY 

In this section we determine the shadow fields and their prolongations. For scalar fields 
Q, Si (X) , these are defined by expanding the field in powers of W (X) , as done below. The 
zeroth order term is the shadow. The coefficients of all higher powers are Kaluza-Klein type 
degrees of freedom, which we call prolongations of the shadow. For fields that have spin indices, 
such as Gmn (X) ,Rmnpq (^) , the zeroth order term has components that point in two lower 
dimensions, such as g^u, RiivXa^ as well as components that point in the additional two dimensions. 
In traditional Kaluza-Klein terminology the extra components are additional KK degrees of 
freedom. In our case all such KK-type degrees of freedom, as well as the coefficients of the higher 
powers in W are called prolongations. 

We will take advantage of gauge symmetries to eliminate some of the redundant gauge degrees 
of freedom to clearly identify the physical degrees of freedom recognized in IT field theory in 
d dimensions. The result will be that the fields in d + 2 dimensions Gmn {X) , VL (X) , Si (X) 
will be reduced to the fields in d dimensions g^^i^ {x) , (x) , Si {x) by a series of steps that in- 
volve gauge fixing as well as solving the kinematic equations. The prolongations of the shadows 
Qtiu {x) ,4>{x), Si (x) , from the "wall" into the higher dimensional space X^ , namely the full 
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Gmn {X) , VL (X) , Si (X) , will also be discussed. In this section the shadows and their prolon- 
gations will be allowed to be arbitrary fields in d dimensions, restricted only by the kinematic 
conditions, but in the following section, by using the dynamical equations of the full theory it will 
be shown that all prolongations become functions of only the shadow fields g^y (x) , (/> (x) , Si (x). 
One of the goals in this section is to show that the accidental Weyl symmetry of Eq. (12.111) acting 
on g^y (x) , (x) , Si (x) in General Relativity in the shadow action ( 12.70 emerges from the local 
coordinate reparametrization symmetry in the higher spacetime X'^'^ . It will be clarified how a 
generalization of the Weyl symmetry acts also on the prolongations. 

Among the local symmetries in 2T-gravity there are obviously general coordinate transfor- 
mations and the local symmetry that allows arbitrary transformation of [?] as emphasized 
above. Exercising the freedom of making gauge choices for these local symmetries defines the 
properties of the emergent spacetimes for the shadows in the lower dimensions. 

To begin this process we parametrize the spacetime X*^ in terms of d+2 coordinates {w^ u, x^) 
and define the tangent basis in base space Dm = {d^, du, d^) relative to these coordinates. In this 
basis we use the general coordinate transformations to gauge fix (i + 2 components of the metric, 
Qwu ^ Qwu ^ Quu ^ leading to the following gauge fixed form of G^^^(X) 



G 

u 



M\N w u p 

\ 

(5.1) 



MN W / -1 \ 



-1 G"^ 
y G'^" G'^^y 



Next we select W {w^u^x^) = w to be simply one of the coordinates, which immediately gives 
Vm = ^OmW = Inserting this in the kinematic equation W = G^'^^VmVn gives 

w = iG""" which fixes another component of the metric. The result of these steps is then 

W{X) = w, G'"^iX) = 4w, VW(X)= Q,0,0^^, V^'{X)=(^2w,-^,0^ . (5.2) 

This choice of W gives V'^^Om = 2wdu] — and the kinematic conditions for the scalars 
^l, Si in (I4.13P become (2wdw — ^du + {w,u,x^) = 0, and similarly for Si. Their general 

solution for any w is 

n (X) = e^'^-^)"*/. (x, ti;e^") , Si (X) = e^'^-^^'^s, (x, we^'') , (5.3) 

where, except for the overall factors of e'-"'"^-*", the fields 0(x, we^"), Sj(x, we^") are general 
functions of the variables x^ and the combination we'^^. 

Now we impose the kinematic equation Gmn = Va/Vjv in the form of the homothety condition 
£yG^'^ = -2G*^^ as explained in ^ 

V^OkG'''' - OkV^'G'''' - OkV^'G^''' = -2G^'^. (5.4) 
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This is already satisfied for tfie fixed metric components G"^"^ = 4w, G"^"^ = —1, G"" = G'^'^ = 0, 
while it gives the following conditions on the remaining metric components 



(5.5) 



Their general solutions are 

G'^" (X) = e^"7^ (x, we^") , G'^^ (X) = e^"^'^^ (x, we^") , (5.6) 

where, 7^ and g^^ are general functions of and we*^'^. 

We see that the solution to the kinematic conditions are given in terms of functions of fewer 
than + 2 variables. We find that there are remaining coordinate transformation symmetries in 
+ 1 variables that can remove the 7'^ (x, we^") , thus reducing further the degrees of freedom. To 
explain this we first examine the coordinate transformations that maintain the restricted form 
of G^^^ that emerged above. The infinitesimal general coordinate transformation of the scalars 
W, fi, Si and the metric G^^^ are 

4X^^ = £^^(X), b,W = e''dKW, m = e''dK^, b,S, = e'^dKS,, (5.7) 

The remaining symmetry should not change the form oiW = w and the fixed metric compo- 
nents G^"^ ^ G""*, G^^ ^ G"" given above. This requirement is satisfied by the following form of 
infinitesimal coordinate transformations e^^ iX) 

e"" (X) = 0, (X) = A (x, we^") , (X) = (x, we''') . (5.9) 

which give b^W = SeG"""" = 6eG'"'' = 6eG'''' = 6sG'"^' = 0. In what follows we will show that 
e'^ (x, we'^'^) at w = will be related to coordinate transformations in the d dimensional shadow, 
while A (x, we"^^) at w = 0, which comes from coordinate transformations of u, will be related to 
local scale transformations in the d dimensional shadow. 



The coordinate transformations of {u, x^) with parameters A (x, we^^) , e'^ (x, we^^) give non- 
zero ^G^^", d.G"-', d^n, 6, Si. We focus on 6,n and ^^G'^" which follow from (I5.7II5.8|) 

= AdM + e^dxn (5.10) 

\ - (dxe^) G^" - (dxA) G^^ - (9„A) G''" J ^ ' ' 

Evidently there is enough gauge freedom in A (x, we^") to gauge fix ^7 = e*^'^^^^"^ (x, we^") com- 
pletely to any desired form as a function of {x,we^^). We will take advantage of this freedom 
later^ . 



^ Convenient gauges will be mentioned in discussing Eas. (|7.8ll7.10p . We mention here other possibilities that may 
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Similarly, there is enough gauge freedom in e'^ {x, we^") to gauge fix G'^'^ = e^'^j'^ [x, we' 
Then the gauge fixed form of G^^^ for any w becomes 



4u\ 



G 



MN 



M\N 
w 
u 

fi 



w u u 
/ 4w -1 \ 

-10 

^00 e^"^^'^ (x, we^") J 



(5.12) 



The metric with lower indices is then 



G 



MN 



M\N 
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w u 
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-1 -^w 
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v 



(5.13) 



(x, we^") j 



We may now ask if there is any more remaining symmetry that does not change the gauge fixed 
forms of (jAfAf? For keeping the form of Gun we need = for the expressions in Eg. (15. Ill) 

after setting G^"^ = 0. This is satisfied by parameters that obey the condition d^e'^ = G'^'^d^A, 
with an arbitrary A (x, we^") . To analyze further the meaning of the remaining symmetry we 
expand in powers of w 



5x^ = (x, we'") = (x) + we'^'e't (x) + 
5u = K (x, we'") = Ao (x) + we'"Ai (x) + 



(5.14) 
(5.15) 



The remaining symmetry has as independent parameters only the lowest component Sq (x) ,and 
all A (x, we'") 



independent: (x) , and Aq (x) , Ai (x) , A2 (x) , ■ ■ ■ 
dependent: (x) = g'^'d^Ao, (x) = g^^d^Ai - ^fS^Ao, etc., 



(5.16) 



where g^'^ , gi'^ are defined by the expansion of the metric in powers of we'" given below in 
Eg. (15.241) . Among these, (x) corresponds to general coordinate transformations of x^ while 
Aq (x) is the gauge parameter of local scale transformations on the remaining local fields, known 
as the Weyl transformations in IT field theory, as explained below. 



serve different purposes. One possible partial gauge choice is to make VL independent of w, as 
while Si remains as given in (|5.3p . With this there still remains the gauge freedom of making (p (x) a constant. 
Another gauge of interest is to fix such that — aSf = g^'''"^)" [0^ (x) — sf (a;)] , is independent of w, 
where (/) (a;) , Si {x) are the shadows defined by the expansions in Eas. (|5.20l5.2ip . and again the x dependence 
can be further gauge fixed to a constant. This is similar to Eq. (|2.12p . but includes the u,w dependence, thus 
providing the prolongation of the shadow for Ea. (|2.12p . The expansion in powers of w in the second gauge gives 
the details of how the prolongations are gauge fixed, namely 4>4>i — asiSu = and 4>(t)2 — asiS2i + (f>i — as^j = 0, 
etc., (rather than 0i = 02 = 0, etc., in the first gauge) where 01, 02, sii,S2i are defined in Eqs. (|5.20|5.2ip . 
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The remaining gauge parameters A„>i (x) are generalizations of the Weyl symmetry \o{x) . 
They can be used to make convenient gauge choice^. 

The transformation of the scalars in fl5.3p and metric components in f l5.13p under the remaining 
symmetry f l5.14|l5.15l) can be extracted from the general coordinate transformation rules f l5.7f5.8l) 
in the form 

6(j) {x, we^") = [A {x, we^") {4wd^ + d-2) + e^ (x, we^") 9^] (x, we^") , (5.17) 
6si {x, U7e^") = [A (x, we^^) {Awdyj + d - 2) + (x, we^") 9^] Si (x, we^") , (5.18) 
(x, ti;e^") = A (x, we^"") (Awd^ - 4) g^, (x, we^"") + £^9^, (x, ti;e^") . (5.19) 

where ££g'^^ (x, we'^") is the Lie derivative using the vector e'^ (x, we^"^) . After inserting in 
these expressions the field configurations (15.3115. 13]) and the form of the remaining parameters 
(I5.14|5.15l) . the result can be expanded in powers of w to extract term by term the transfor- 
mation properties of the shadows in x^ and their prolongations into the u and w dimensions. 
To do this we expand every field in powers of w to define the shadow fields in d dimensions 
(x) , Si (x) , g^i, (x) as the zeroth order terms, while their prolongations 0„ (x) , Sni {x) , gn^u (x) 
are defined as the coefficients of the higher powers of we^^ as follows 

(x, we^") = (x) + we^"0i (x) + i (we^^) ^2 (a;) + • • • , (5.20) 
(x, we^") = (x) + we^'^su (x) + i {we^^'Y S2i (x) + ■ ■ ■ , (5.21) 
Similarly we have for the metric 

g^^ (x, we^") = gf,^ (x) + we'^^'gi^^ (x) + ^ [we^^'Y g2^,u (x) + ■ ■ • . (5.22) 
For the determinant we get 



e"^'^" J-g (x, we''") 



(5.23) 



The inverse metric is also computed in terms of gjj,ui gi^uj 92^11/ 1 ■ ■ ■ a-s 



(x, «;e^") = ^^'^'^ (x) - we^-gr (x) - ^ (we^") ' (^^f - 2^7^.^?^) (x) + ■ ■ ■ . (5.24) 

Here the upper indices on gi^.g'-^"^ etc. are raised or lowered by using the lowest component 
of the metric g^^, so gi" .gi^" do not mean the inverses of gif_iu, g2fMu- Inserting these expressions 
allows us to extract the following transformation rules for the shadow fields (x) , Si (x) , gfj^^ (x) 
by setting w = 0m Eqs. fl5.17ti5l9|l 

50 (x) = {d-2) Ao (x) (x) + (x) 9^0 (x) , (5.25) 
5si (x) = id-2) Ao (x) (x) + (x) d^s^ (x) , (5.26) 
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Sgf,u (x) = -4Ao (x) Qf^y (x) + £eogi,u {x) 



(5.27) 



In these expressions it is clear that Aq {x) is the infinitesimal parameter of the Weyl transfor- 
mations, which is seen by comparing to Eg. (12. lip and setting Aq (x) = — A (x) /2. This shows 
that the local scale symmetry in IT field theory comes from the coordinate reparametrization 
symmetry 5u = [A (x, we'^^)]^^^ of the 2T field theory. This was one of the points we wanted to 
prove in this section. 

The higher powers in w of Eqs. (15. 17115. 19p give the nontrivial transformation rules for the pro- 
longations under coordinate, Weyl and generalized Weyl transformations Eq (x) , Aq (x) , A„>i (x), 
as follows 

n (x) = <;' + ^'"^^ ^"^^ + {d-2) Ai0 1 ^ 28) 
(t/ + 6)Ao02 + 2(rf + 2)Ai0i + (t;-2)A2</.l 

and similarly for 6sni- Evidently the terms containing Aq (x) and Eq are the local scale transfor- 
mations and local coordinate transformations on these fields. Recall that e'^-^i are functions of the 
A„ as given in (15.161) . Similarly, for the metric prolongations we get the following transformation 
laws under the coordinate, Weyl and generalized Weyl transformations 



^ I ^ ^0 (x) gif,^ (x) + 4Ai (x) g^^ 1 
\ +£eogifiiy (x) + £e^giiv [x) j ' 

_ I 4Ao (x) g2^,u (x) + 8Ai (x) gi^,y + 4A25',i. 

"^^^ \ +£eog2,iu {x) + 2£s-,gif,u (x) + £e2gt^u (x] 



(5.30) 
(5.31) 



VI. RIEMANN AND LORENTZ CURVATURES 



We are now ready to use the gauge fixed metric in Eqs. (15. 12|5.13|5. 22115.240 to compute the 



curvatures at any w. For the Christoffel connection F^^^ = ^G^'^ {duGNQ 
we obtain 
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(6.1) 



(6.2) 
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Expanding F^^^ (g) in the last line in powers of w gives F^^ (g) = (g) + we^'^T'^p^ + ■ ■ ■ , where 
the zeroth order term is the usual F^^ {g) in d dimensions and the first order term is 



■|fi'r (df^g^u + dagpu - d^gpa] 
^g^" {dpgiau + d^gipu - d^gip^) 



Even though w is set to zero eventually, one must first take derivatives of F^j^ with respect to w 
in computing various components of the curvature Rmnpq (G) . Therefore w dependent terms in 
^MN (i-^- prolongations of its shadow) will contribute to the curvature in zeroth order in powers 
of w because of derivatives with respect to w. 

To calculate the Riemann tensor Rp^N = ^m^np ~ ^n^mp + ^'ais^np ~ ^ns^mp ; 
recall that the zero torsion condition imposes the following kinematical constraint (I3.23p on the 
curvature 

^Q^PAiN = V^Rqpmn = V^Rmnpq = V^Rnpq = 0- (6-4) 
With the gauge choice of Eq. ( ]5.2p these conditions become 

RpMN = 0, RuPMN = ^wRwPMNi RmNu = '^^^MNw (6-5) 

From the form of the gauge fixed metric in Eg. (15 .121) we also obtain 

^PMN = —RwPMN- (6.6) 

From these it is easy to see consequences such as 

^wMN ~ ^uMN ~ RuwMN = RmNuw = 0, (6-7) 
^MNw — ^NMw^ ^MNu — '^^^MNw^ (6-8) 

Using the antisymmetry and cyclic properties in (13.231) . these kinematic relations explain many 
of the results in the following lists for the Riemann tensor computed by using the Christoffel 
connection in (16.1116.21) at any w 

Rmpn = 0, (6.9) 

TDU _ j ^wMN — ^uMN — 0' RpfJ.1^ ~ ^^[^J■9lu]p + ■ ■ ■ ! (R Tr\\ 

^ppu ~ ^p,pu ~ '^'^■^ppw^ ^ppw ~ 4 \9lp9lap ■^g2pp) + ■ ■ ■ ; 

where the covariant derivative is with respect to the metric g^i, (x) . The curvatures on the 
first column are either identically zero or vanish when w = 0, while those in the second column 
Rppw,Rppi, do not vanish even at w = 0. The " + ■■■" means there are terms proportional 
to higher powers of w but are of no interest in our analysis. Similarly we obtain Rpmn with 



28 



analogous properties for the first and second columns 
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(6.11) 



-up.u ^ — -uj^ii/' '^Pl^i^ Rpp.u id) 9iy9u]p ^[^9lu]p ''r ■ ■ ■ ■ 

At w — the nonvanishing components of Rqpmn with all lower indices are Rwi^wu, R^uXw, R^uXa 
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'^Wfl'WU 

RfiuXw {G) 

RfiuXa (G) - 



4 \9lp.cr9lu ~ '^92p.u) + 

I iyti9iux - ^u9itix) + 



(6.12) 



e ^" [R^uXa (g) + 9la[t^9u]X " 9lX[,,9u]a] + 



In the last expression it should be noted that Rp^i, {G) differs from -Rp^,^ (g), the latter being the 
standard Riemann tensor constructed from the metric g^,^. The difference is accounted by the 
contributions of the prolongations of the metric which contribute to R^i^^, (G) even when w = 0. 



We can now compute the Ricci tensor Rmn = Rmpn — R^wN'^R%uN'^Rmxn- The kinematic 



constraints V Rmn — 0, imply 



R 



■uN 



iwRw 



N- 



(6.13) 



Hence Ruw, Ruu are related to Rww, Rwu respectively by a factor of Aw while i?^ 
hence we have 



{4=wfR. 



Rmn (G) — 



M\N 
w 
u 



w 



u 



V 



^ Rww 4^ Rww Rwiy ^ 

AwRyjw {4wf Rww ^WRyjy 
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(6.14) 



where 



Rww {G) = '—Tr{gm-'2g2) + --- 

Rw, {G) = 4^ [Vx9l, - ^^.Trg,) +■■■ (6.15) 
R^, (G) = R^, (g) -{d-2) g^^, - (Trgi) g^. + ■ ■ ■ 

The trace notation Tr means that indices are contracted by using the lowest mode g^„. The 

"H " indicates that there are additional higher order terms in powers of w that are not of 

interest in our analysis. For w — only Rww, Rwu and Rf^u have non- vanishing contributions 
while the other components of Rmn vanish. In the last expression we see that it!^,^ (G) differs 
from R^i, (g) which is the standard Ricci tensor constructed from the metric g^^. 

Finally the Ricci scalar, R (G) = G^^Rmn = 4:wRww - '^Rwu + e^'^gf^'R^^ (G) , is 

R (G) = e^" [R {g) -2{d-l) e^^'Trgi] + • • • (6.16) 
Again in the last expression R {G) differs from R (g) which is the standard curvature scalar. 
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As seen explicitly in all the expressions above, the prolongations of the shadow of the metric, 
namely gi^ui g2nu contribute non-trivially to the prolongations of the curvatures. Even when w = 
0, there are non- vanishing curvature components, such as -R^^^, R^fiu^ -^p^tw ^pfiu ^^at point not 
only in the directions but also in the w, u directions. The notation, R^^^^ {G) , R^^ {G) , R {G) 
is used to distinguish them from R^^^ (g) , Rfj,u (g) , R (g) where the latter depend only the lowest 
mode gfj,i, (x) while the former depend on G^^y including the higher modes gifj.u, g2fj.u- We will see 
however, that after taking into account the dynamical equations of motion, all extra curvature 
pieces get determined only in terms of the shadow fields g^i, (x) , (x) , Si (x) , while the dynamics 
of these lowest modes interacting with Rp^^^, (g) , R^u (g) , R {g) will be given by standard General 
Relativity (with the Weyl symmetry) as determined self consistently only by the shadow action 
in Eq.dMl). 



A. Gauge fixed vielbein, spin connection and SO((i, 2) curvature 

For completeness we record here also the gauge fixed forms of the vielbein, spin connection 
and SO((i, 2) curvature E^.^ {w,u,x) , uf'j {w,u,x), Rf^^ {w,u^x) that are compatible with the 
gauge fixed metric and its curvatures above. 

We take the following form of the gauge fixed vielbein that satisfies Gmn = EI^E'^^rjab up to 
a local SO((i, 2) transformation in tangent space 
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Its inverse that satisfies E^E\^ = 5^ or E^^E% = 6^^^ is 
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(6.17) 
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(6.18) 



where e * and e^^ are inverses of each other. These may be expanded in powers of we 



Au 



e; (x, we'^) = e; + we^'^el^ + ^ {we'^f + ■ ■ 



[we 



(2e^,e?, - el) + 



(6.19) 
(6.20) 



Here e^^ is the inverse of e^ as usual, but e^^ is not the inverse of e\^, rather it is e\^ with indices 
raised or lowered by using the appropriate tangent space or base space metrics, e^j^ = rjijelj^g"'^, 
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and similarly for Cgj. From g^^ = e'^^elrjij we can obtain relations between the expansion of the 
vielbein and the expansion of the metric given in (15.221) 



(6.21) 



Recall the gauge fixed versions of the vectors V} 
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(2w, — 1,0)^^ in Eq. (l5.2p . Their tangent space counterparts become 
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VmE!:' = and V = V^^E'^ = 2wE^ - ^E^. Exphcitly these are 

Va=Q,-w,0^ , V = (^,-^,0^ , in the basis a = (-', +',i) , 



(6.22) 



w. 



and have the dot product V^Va 

The spin connection is constructed by using the standard relation u'^j = 
^Na^^Pb ^(j,,^p - Cnpm - Cpmn) given in Eqs.dSH]), with Cpmn = -\Epa {SmE^ - dr,E-^) . 
With the above gauge fixed form of -E^^ we obtain 
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(6.23) 



(6.24) 



where iJ'l (e) is the standard spin connection in d dimensions as constructed from e\ (x, we^") 
including the prolongations of the shadow e\ (x) . 



With these explicit forms, it can be verified that the spin connection cj^j, the vielbein E 



M 



and the vector V"' satisfy the kinematic relation 



Em 



DMV^ = dMV'' + u;'^^Vb, 



(6.25) 



that is required by 2T-gravity as expected from Eq. (13.241) . The kinematic equations have com- 
pletely fixed all components of u'^ {X) in terms of e-^ {x, we^^) and explicit functions of the extra 
coordinates w,u. When i;; = we recognize that the vielbein in d dimensions e'^ (x) is basically 
the shadow component * of the spin connection that remains unrestricted as a function of x'^ 
as far as the kinematic equations are concerned. 
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The SO((i, 2) curvature is 

^tlN = ^mLDn ~ ^N^M + ^M^Nk ~ ^N^^Mk = ^^QAIN^P^^'' (6.26) 

With the help of the antisymmetry = —R^j^, Rmn — ~-^mn^ the kinematic relations 
in Eg. (13.271) . i?^^ = iwR^j^, R^j^f = 2wi?^^, all the non zero components of the curvature are 
determined as follows 

= ^ {y^'-ai.a - g^,) e\ + ---, R^; = 2wR+'^, R^^ = ~e''%K^^ (G) 
R^; = 4^i;i^+;^ i?-;^ = 2wRt';, R^^ = AwR-^^ (6.27) 

^ = 4^ {"^.aiux - V.(7i^a) e^^ + ■ ■ ■ , i?;:' = 2wR;i\ R^, = ~e''%K^, {G) 

where R'^y^^ (G) and -R^^,^ {G) are given in Eq. (l6.12p . These are the curvatures at any w which 
include all the prolongations of the shadow into the higher dimensions. When w = 0, the nonzero 
terms are just -R^^\ R'^J , Rw^i R% while all others vanish. 

It should be noted that even at w = there are non-trivial components of curvature pointing 
in the w direction in base space and in the +' direction in tangent space. This is part of the 
information about the prolongation of the shadow. In the next section it will be shown that, after 
taking the dynamical equations into account, only the shadow fields (x) , together with matter 
fields such as {x) , Si {x) , determine all curvature components including the prolongations, while 
the shadow fields satisfy among themselves the familiar General Relativity equations (with a Weyl 
symmetry) which follows self consistently from the IT-physics shadow action in Eq. (12.71) . 



VII. DYNAMICS OF SHADOWS & PROLONGATIONS 



Having chosen gauges and solved the kinematic equations in the previous sections, we are now 
ready to discuss the matching of geometry to matter through the dynamical equations derived 
in section (jIVp from the 2T-gravity action (12.11) and Table- 1^° 



[Rmn {G) — Smn (^5 Si)]^^^^ 
Vg 



... , , _ 0, 

^ Sm f VGG*^^(9^fi) - 2anR (G) + ad^V (fi. Si 



'^dM (v^G*^^9^5,) - 2aS,R (G) - dsV (fi, 5,)] = 

where Smn was obtained in Eq. (l4.1ip 

1 



Smn (^, Si) = 



{n^ - aSl 



(7.1) 



(7.2) 



^° We have neglected gauge fields and spinor fields to keep our analysis simple. The same general conclusions 
about the shadows are obtained if all of the fields described in Table- 1, that would be required for the Standard 
Model coupled to gravity, are included in the present analysis. 
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Note that these 2T-gravity equations are imposed only at w = 0, unhke the kinematic equations 
that were solved at all w (see explanation in section HVT) . We want to compare these equations 
in {d + 2) dimensions to the equations of motion of General Relativity in d dimensions 

^-d^(f)d^(j) + \d^Sid^Si + V^d^ (0^ - asf ) 

2a0i? {g) - ad^V (0, Si) , 
2aSiR{g) + 9,^^ (0,5^) , 

that follow directly from varying the conformal shadow action (12.71) and using (12. 8112. 9p . 

In comparing the original and the shadow equations, we note that we lose two dimensions 
not only in the spacetime —>■ but also in the components of the metric Gmn{X) 
dfiu (x), and similarly for curvature, gauge fields, spinors, etc.. Recall also that R^i, (G) ,R{G) 
are different than the i?^,^ (g) , R (g) that appear in (17.31) . as seen in Eqs. (16. 12114.81) . The differences 
depend on the prolongations of the metric and the scalars given in Eqs. (l5.20H5.24l) . Moreover, 
additional components of the tensor Rmn (G) are restricted by the original equations (17. ip . 
So, going from (17. ip to (17.30 is not a naive dimensional reduction. The questions we need to 
investigate include the following. 

(i) We recall that the conformal shadow action (12.70 was derived in [l| from the 2T-gravity 
action (12. ip by inserting directly the solution of the kinematic equations and the gauge 
fixing discussed above. Can the shadow equations (17. 3p be derived from the original equa- 
tions of motion ( 17.ip rather than from varying the shadow action? Sometimes these two 
procedures do not agree, so it is important to verify that they give the same result. 

(ii) More importantly, are the prolongations additional Kaluza-Klein type degrees of freedom? 
What is the dynamics of the prolongations of the metric Gmn, curvature Rpqain (G), 
and scalars Q, Si, that survived the gauge fixing and kinematic constraints of the previous 
sections, and do their dynamics restrict the dynamics of the shadow fields (0, Sj, g^^) beyond 
the equations of motion in (17. 3p ? If additional restrictions on (0, Sj, g^^) arise it would imply 
that the shadow action (12.71) misses information that influences the shadow fields. 

As explained below, the answers are that there are non-trivial prolongations of the met- 
ric, curvature and the scalars, which are however determined only by the shadows {4>, Si, g^^,). 
Meanwhile, the shadows themselves are determined self consistently precisely as dictated by the 
shadow action (12.70 which yielded the General Relativity equations (17.30 . 

To investigate these questions we insert the expansions in powers of w for the fields (15.20115.2^ 
and for the curvatures (I6.15f4.8l) into the original equations (17. ip . The derivatives dw,du in the 
scalar equations give no new information at w = because such terms combine to expressions that 
are proportional to the kinematic conditions, which are already satisfied for the scalars. This is a 



^g^^d^cp) : 
^g^'d^s,) 
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non-trivial result that is true in curved space only for the special value of a = (c? — 2) /8 (c? — 1) . 
Hence, for the scalar equations, even though the prolongations (f)2, Su, S2i,etc. are non-zero, 
we obtain directly the naive reduction of the d + 2 dimensional equations to d dimensions, in 
agreement with the shadow equations (17.31) . The prolongations of the scalars 0i, 02, Sij, S2j,etc. 
are not fixed by the scalar equations in (17. ip . 

Turning to the curvature equation, Rmn = Smn at w = 0, we begin by computing 
[Sf,,y (fi, Si)]^^Q from frr2|) as follows 



w=0 



()2 - asl) 



2a 



+ ^df^Sid^Si + V^d„ (02 



u;=0 



After inserting the explicit Christoffel symbols rj^^,,r^^ in Eqs. (l6.1|6.2ll6.3l) and setting w 
we obtain 



(7.4) 

= 0, 



w=0 



aSiSu) g^^ + {d-2) 



as: 



'■) 9i,u. (7.5) 



Now matching geometry with matter [R^i, {G) — S^y {VL, Si)]^^^ = 0, where the curvature 

Rf,^ (G) = Rf,^ (g) - {d-2) gi^^ - {Trgi) g^^ ^ 

was given in (I6.15p . we find 



RfMu (g) = Sf,u (0, s) + 



^ + Tr (gi) 
- asf 



This agrees with the shadow equations ( 17.3P only if the term in brackets satisfies 



aSiSii 



asj 



+ Tr {gi) 



V^(0, s,) + 



as- 



(7.6) 



(7.7) 



(7i 



(rf-2)(02-as2. 

In fact, this relation is exactly correct and can be derived directly from Eq. (14.7p . which was 
obtained as a consequence of the original equations of 2T-gravity (14.1114.30 . 

We have thus shown that all the shadow equations (17. 3p derived directly from the shadow 
action (12. 7p are in exact agreement with solving directly the original equations of motion (17. ip 
in + 2 dimensions. This answers the concerns raised above in item (i). 

There remains to examine the rest of the original equations of motion (17.10 Rmn = Smn 
at w = 0, to determine whether any additional constraints emerge on the shadow fields or 
their prolongations. On the geometry side we see from (16.140 that [Ruw = Ruu = Ru^i]^=Q = 0, 
and also on the matter side we find [Suw = Suu = Suf_i]^^Q = for the special value of a = 
{d — 1) /8 {d — 2) . Therefore the corresponding equations are identically satisfied without any 
conditions on the shadows or the prolongations. Proceeding further, from the remaining two 
cases [i?^^ (G) - {Q, Si)]^^^ = and [i?^^ (G) - S^^ {Q, Si)]^^^^ = 0, we get non-trivial 
equations that restrict the prolongations 

d , r, 



Tr {gigi - 2g2) 



as, 



d-2 



as 



2 — aSiS2i) 



(7.9) 
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^2 — asf 



(7.10) 



+2df, (001 - aSiSii) - g^^dx (0^ - asf] 

From the first of tliese we may solve algebraically for Tr ((72) , and consider the second equation, 
along with (17. Sp . as equations of motion that restrict g^^. 

To show that there are solutions to the three prolongation equations (I7.8H7.1U( ). we provide 
an example with the following special form, which of course is not the general case, 

9^1, = A, (x) S;, g!^^ = A2 (x) S^^, 

01 = 5i(x)0, Sii = Bi{x)si, (7.11) 

02 = B2 (x) 0, S2i = B2 (x) Si, 

Furthermore, we use the Weyl gauge (0^ — asf ) = {2kI) in Eq.([2inD to simplify these equa- 
tions. The three equations (I7.8ti7.10( ) are then solved by 

, , , 2k,'^V (0, Si) 

Ai (x) = ^^^'^ + c, (7.12) 

Bi (x) = -yIj^^ - i^^' (7.13) 

8B2 + 2dA2 = d(^Al + . (7.14) 

where c is an arbitrary constant. Hence the prolongations are determined by the shadow fields, 
however one combination of B2 , A2 remains arbitrary. 

Thus, we find that there are not sufficient equations to determine all of the degrees of freedom 
(^2^, 01, 02, sii, S2i that participated in the dynamics a.t w = 0. This is a sign that there are 
gauge symmetries, so what cannot be determined by the equations of motion must be a gauge 
degree of freedom, at least on-shell. We did identify an off-shell gauge symmetry, namely the 
A„ (x) in Eqs. (15. 28115. 3T|) which is sufficient to explain why one function is gauge freedom in 
the example above, but the evidence is that there is more gauge freedom. In fact more gauge 
symmetry should be expected as in flat 2T- field theory j^] , where in the expansion in powers of w 
of matter fields each coefficient except the zeroth order (i.e. each prolongation) is a gauge degree 
of freedom. In fiat 2T field theory the prolongations decoupled completely from the shadow fields 
in fiat space ^ consistent with being gauge freedom. However, what we have learned in this 
paper is that there also some that, rather than being gauge freedom, are actually determined by 
the shadow fields via the geometry in curved space gi^,g2^ as seen in equations (I7.8tl7.10() . 

In any case, an outcome of our analysis is that there are non-trivial prolongations which are 
determined by the shadow fields 0, Sj, g^j^i, up to gauge freedom. However, the shadow fields 
themselves 0, Sj, g^^ are determined self consistently by the action (12.71) only within the shadow, 
as in Eqs. (17.31) . independently of the prolongations. 
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VIII. CONCLUDING COMMENTS 



The decoupling of the dynamics of the shadow proven in the previous section is significant 
because it shows that General Relativity in d dimensions, augmented with the Weyl symmetry, 
as expressed by the action (\2.1^ . is the prediction of 2T-gravity for observers asking questions 
only in d dimensions. Establishing this effective action principle, by analyzing the equations of 
motion in detail as we did above, was one of the aims of our analysis. 

This shows that the full physical (gauge invariant) information in {d + 2) dimensions is cap- 
tured by the conformal shadow, so this is a "holographic" shadow. Turning this around, we can 
also claim that usual General Relativity in d dimensions, augmented with the Weyl symmetry, 
is described directly in d + 2 dimensions in the form of 2T-gravity. 

We have shown quite generally that the Weyl symmetry in IT field theory is directly related 
to higher spacetime general coordinate transformations that include an extra time dimension. 
Therefore local Weyl symmetry is a strong footprint of 2T-physics. Just like other gauge sym- 
metries, there are observable effects of the structure that this symmetry imposes on interactions. 

As we have shown, as a consequence of 2T-gravity, the graviton and the scalars must satisfy 
certain structures in IT field theory. Dirac and Yang-Mills fields can be included in a straight- 

2(d-4) 

forward way except for inserting the dilaton factors of ''-2 in Yang-Mills kinetic terms and 

d-i 

(f) in Yukawa terms (as in Table-1). With these dilaton factors the crucial Weyl symmetry 
is intact in every dimension d. These are some of the footprints of 2T-gravity. 

Some of the consequences of the emergent structures imposed by 2T-gravity were outlined in 
the introduction and section ([Tl])- Investigations of physical effects in the context of cosmology 



and LHC physics are currently in progress and will appear in future publications [21 1. 
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